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The strokes most widely used for manual polishing are linear, following straight lines, varying in length and lateral 
displacement. A different way of polishing (and also grinding) is by means of circular strokes. With circular strokes the 
top piece is offset and then moved about the center of the bottom piece in a circular fashion.  

The inherent advantage of the application of circular strokes is the automatic avoidance of astigmatism, due to its 
implicit symmetry. It means for example that you do not longer need a barrel to walk around; rotating the bottom piece 
every now and then is sufficient. You can easily grind and polish this way on a normal kitchen table. 

A possible disadvantage is that it is harder to direct the action to a certain zone. The actual working is quite touchy, and 
highly dependent on the amount of decentering. You get a feeling for how it approximately behaves, but in my opinion, 
it is better to put this in a mathematical model. This article is an attempt to analyze the working of circular strokes and 
create such a model. 

A Model 
In general, grinding and polishing can be pictured as an equilibrium process and the amount of center-offset 
determines where the equilibrium actually is. The natural tendency of two surfaces rubbed together is to become 
spherical. It is the only shape where two surfaces can be in full contact and still move with respect to each other. This is 
why it is possible to achieve very high-quality surface shape in the first place. In case of a messed-up surface, you can 
always find the way back to spherical. 

The required relative depth of correction for a parabola compared to a sphere, assuming the edge is untouched (i.e. 
correction = 0), is shown here: 

 

Figure 1 - Required amount of material removal, paraboloid vs sphere 

Now let’s see how circular strokes can be used to achieve this.  

From experience, circular strokes around 25% diameter (D) overhang will ultimately lock into a spherical shape. When 
the decentering is larger than that and the mirror is on top, the shape is deepened and pushed towards a paraboloid. 
Depending on the actual mirror size and focal ratio, around 30-40% D overhang will steer you towards a parabolic 
correction. 



Relative contact duration 

The diagram below shows what actually happens with circular moves: 

 

Figure 2 - Circular stroke geometry 

Any point on the mirror describes exactly the same circle, since the mirror is a solid body. Some points will remain in 
contact during the full circle, while other points will cross the edge at some point. This is dependent only on the 
distance to the center of the top piece (in case it is the mirror it is the zone, r). The radius of the described circle of a 
point P(x,y) on the mirror is equal to the amount of decentering (d) of the mirror. The zones that are in the outer zones 

of the mirror (width = d) will cross the edge of the tool at a certain angle α.  

The angle α determines the relative contact time during one complete circular move; it can be seen that this relative 

amount is equal to α/180. The relative amount of contact is one measure for the expected amount of wear.  

The values for relative contact time can be easily calculated for a number of decentering values (d): 

 

Figure 3 - Relative duration of contact as a function of mirror zone radius 



For several decentering values (d = {0.1 ~ 0.9} * D/2) this curve gives the relative contact time depending on zone (r). 
One thing that becomes quite clear, is the sharp drop at points where r is slightly larger than mirror radius minus the 
decentering (D/2 – d), i.e., where continuous contact changes into partial contact. It is clear that these curves as such 
do not match the required correction profile. 

Preston’s law, Edge effect 

Apart from relative contact time, two other important parameters that determine the wear, pressure and speed. This is 
in general described by Preston's law, which states that wear is proportional to local speed and pressure, and a context-
related constant factor: 

𝜕𝒛/𝜕𝒕 = 𝜿 ⋅ 𝑷(𝑟) ⋅ 𝒗(𝑟)  

The relative speed v is constant over all locations when no lap rotation is applied, so the only parameter that 
determines removal rate is local contact pressure P. This pressure may change over a revolution and needs to be 
integrated over the revolution time. Where contact is lost, actual pressure is zero and there is no wear. 

When the decentering is increased, the load on the tool edge on the overhang side (Fb) will also increase, while the load 
on the far side (Fa) decreases. This means that with a lot of decentering the effect of the sharp drop in contact will 
actually be amplified by the increased pressure in that area. This is probably meant when people say that the edge does 
the work. The difficulty now is to find a good analytical approximation for this effect. 

 

Figure 4 – Forces in an overhang situation 

 

In OSA Haitao Liu e.a. approximate the pressure distribution with [1]: 

𝑷𝑬 = 𝑷𝑺 ⋅ (1 + 𝑺𝒍𝒂𝒑
𝜀 ∙ 𝒇(𝑥, 𝛼, 𝛽)) 

where Slap is the overhang ratio d/D, x is a radial coordinate w.r.t. lower piece center and α, β and ε are parameters 
that determine the shape of the curve. The resulting curve then looks like: 

 

Figure 5 – Pressure distribution at overhang edge 

The value of PS is the nominal pressure that corresponds with the 0-overhang situation, in this analysis the values are 
relative and it could be set to 1. The parameter α determines the width of the increased pressure zone, as a fraction of 



the top piece diameter. This width is however also dependent of the overhang. The parameters β and ε determine the 
edge height of the increased pressure. In [1] the parameters are given values of: 

 𝜶 = 0.8 − 2 ⋅ 𝒅/𝑫 𝜷 = 3 𝜺 = 0.2 

The function determining α works up to an overhang of 0.4·D, and might need to be stretched a bit. Other parameters 
really need to be determined empirically. 

The function 𝒇( ) can be written as: 

𝒇(𝑥) = 𝜷 ⋅ (𝒙/𝜶 + 1)2 for 𝒙 ∈ [−𝜶, 0] and  𝒇(𝒙) = 0 otherwise. 

 

Figure 6 – Relative pressure distribution at overhang edge, β=10 and ε=1.5, ToT 

The pressure distribution as calculated along the mirror radius in the direction of overhang is given above, for a tool-on-
top case. With these parameters (β=10 and ε=1.5) the pressure at the edge, using 45% overhang, is 4 times the nominal 
pressure, implying a four-fold wear rate. 

Note: The above description of the increased edge pressure will be less applicable when additional pressure is applied 
to the top piece, through its center. The edge effect is caused by the weight of the overhanging part, and the relative 
contribution is less when the pressure can be mostly attributed to this center weight. 



General polishing model 
When using a sub-diameter tool, the model has to be generalized. Consider the situation as depicted in the following 
figure: 

 

Figure 7 – Generalized model 

In this the mirror radius is RM, the tool radius is RT and radius of the zone in question is RZ. When using circular stroke 
with offset d, the fraction of actual mirror-tool contact for a certain RZ is given by the zonal arc that is covered by the 
tool. When the tool orientation is fixed, the speed of tool over the mirror is homogeneous, i.e. has the same value for 
every contact point. The loading may be different when the tool overhangs the edge, but this will not be considered to 
start with.  

To calculate the arc length, the problem of intersecting circles needs to be solved. Given two circles with their centers 
on the x-axis, the circle with radius RZ has the center on x=0, and the circle with radius RT has its center on x=d, then 
the points of intersection (x0 , ±y0) are defined by: 
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Several cases can be distinguished that have no intersection: 

• RZ < RT - d : the contact will be 100% (mirror center always touched by tool) 

• RZ < d - RT : the contact will be 0% (mirror center never touched by tool) 

• RZ > RT + d : the contact will be 0% (mirror edge never touched by tool) 

In the remaining cases the intersection may be on different sides of the origin: 

• x0 < 0 : contact will be 100% · ( 1 - arcsin(y0/RZ) / π ) 

• x0 > 0 : contact will be 100% · ( arcsin(y0/RZ) / π ) 



When we apply these algorithms using a 2/3 diameter tool with several offsets relative to mirror radius, the expected 
polishing effect is: 

 

Figure 8 – Generalized polishing model, 2/3 tool on top 

This chart is reversed with respect to earlier charts: top means no effect (no contact), and bottom maximum effect (full 
contact). Decentering of the tool is given in terms of mirror radius, tool is on top. 

With 30% decentering, the tool edge just touches the mirror edge and the center receives maximum polish. With 90% 
decentering, the tool center is almost on the mirror edge and the mirror center is not touched at all. 

The mirror center either gets full polish or no polish at all. The maximum edge polish is determined by the tool 
diameter, in this case it reaches about 15%. In reality the increased pressure when the tool overhangs the mirror edge 
will increase polish near the edge, as laid out above, unless sufficient additional center weight is applied. 

Circular strokes vs. Spin-polishing 

         

Figure 9 – Circular stroke vs. spin-polishing 

Using manual circular strokes is in fact very similar to machine spin polishing. In both cases the relative rotation of tool 
and mirror is zero, meaning they rotate at the same angular speed. The difference is that in the first case the mirror is 
fixed, and the tool is moved in circles about the center while maintaining its orientation. With spin-polishing the mirror 
rotates, and the tool is maintained at one location but is allowed to spin freely. 



Martin Cibulski has created a polishing simulator program, that really targets machine polishing and which can be very 
well used to model spin-polishing [2]. When the results of the general model are compared to the PolSim output, the 
similarity is quite obvious: 

 

 Figure 10 – PolSim.exe output for several cases 

    

Figure 11 – General model with 2/3 and 1/3 tool 

Compare the 2/3 tool results for 20mm and 75mm offset, and also the 1/3 tool results for 20mm and 100mm offsets. 
The consistency of the results increases the confidence in the correctness of the excel general model. 



A practical example 

Testing is the proof of the pudding, so the model has been applied to the figuring of a 12” F/3 mirror with a -0.69 conic. 

 

Figure 12 – Required correction 

The figure shows where glass has to be removed with respect to the initial sphere, in order to get to the required 
correction. The red curve is a full paraboloid, while the blue curve represents the target -0.69 ellipsoid.  

 

Figure 13 – Effect of tooling 

To accomplish the initial correction a 2/3 and a 1/3 diameter tool was used, on top of the mirror. The effect of these 
tools is shown in the above figure, by combining these the curve can be approximated. 

Measurements 

For measuring the effect of polishing sessions, a Bath interferometer was used in combination with DFTFringe analysis 
software. This software has a capability to subtract two wavefronts, when this feature is applied to subtract a before 
from and after wavefront the net effect of the polishing session can be deduced. 

 

The first graph shows the effect of a circular-strokes session with the 2/3 diameter tool, while using a 3cm tool offset 
(20% of the mirror radius). The accented part of the tool represents the area with 100% contact. The remaining area 
represents partial contact. Outside of that (the outermost 2cm) have no contact at all. The differential curve shows 
exactly the effect you would expect, and also the model predicts. 



 

 

Second graph shows the effect of a circular-strokes session with the 1/3 diameter tool, while using a 2cm tool offset 
(13% of the mirror radius). Same explanation applies as for the previous case. Again, the differential curve shows the 
effect you would expect. 

 

Final graph shows the effect of a strongly decentered 1/3 diameter tool.  

 

When determining what to do next it can help to play with the defocus setting of the wavefront profile. In general it is 
easier to correct the center than it is to do the edge zones. So, it is advisable to work inwards from the edge.  

 

Considering above situation, the curve can be made more easy to handle by decreasing the focus. The edge is relatively 
flat, meaning close to the desired curve, while the center shows a hill. This hill can be easily reduced with the 1/3 tool 
and relatively large decenter. 
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